Abstract. Nonnormal data arise often in practice, prompting the development of flexible distributions for modeling such situations. In this article, we describe two multivariate distributions, the skew-normal and the skew-t, which can be used to model skewed and heavy-tailed continuous data. We then discuss some inferential issues that can arise when fitting these distributions to real data. We also consider the use of these distributions in a regression setting for more flexible parametric modeling of the conditional distribution given other predictors. We present commands for fitting univariate and multivariate skew-normal and skew-t regressions in Stata (skewnreg, skewtreg, mskewnreg, and mskewtreg) as well as some postestimation features (predict and skewrplot). We also demonstrate the use of the commands for the analysis of the famous Australian Institute of Sport data and U.S. precipitation data.
Introduction
Nonnormal data arise often in practice. One common way of dealing with nonnormal data is to find a suitable transformation that makes the data more normal-like and to apply standard normal-based methods to the transformed data. Finding a suitable transformation can be difficult with multivariate data. Also, for the ease of interpretation, it is often preferable to work with data in the original scale. These difficulties motivated a search for more-flexible parametric families of distributions to model nonnormal data. A number of approaches are available for univariate outcomes. For noncontinuous data, such as binary data or count data, binomial or Poisson distributions can be used. More generally, generalized linear models can be used to accommodate a range of distributions within an exponential family. However, the choices for multivariate outcomes are rather limited.
Our focus in this article is on continuous nonnormal data. Because real data often deviate from normality in the tails or exhibit asymmetry in the distribution, there has been a growing interest in distributions with additional parameters regulating asymmetry and tails directly. For example, for heavy-tailed data, the Student's t distribution is often considered. Traditionally, lognormal or gamma distributions are used c 2010 StataCorp LP st0207 to model positive skewed data. To accommodate asymmetry for data spanning a real line, one can consider skew-normal and skew-t distributions, which are skewed versions of the respective normal and Student's t distributions. One of the appealing features of these distributions is that they have tractable multivariate versions that allow us to model multivariate outcomes. More generally, the family of skew-elliptical distributions proposed by Branco and Dey (2001) allows for asymmetry in a class of elliptically symmetric distributions.
The simplest representative of the skew-elliptical family, as defined by Azzalini (1985) , is the skew-normal distribution. Compared with the normal distribution, in addition to location and scale parameters, the skew-normal distribution has a shape parameter regulating the asymmetry of the distribution. Another commonly used representative is the skew-t distribution (Azzalini and Capitanio 2003) , which extends the normal distribution to allow for both asymmetry and heavier tails with two additional parameters, a shape parameter and a degrees-of-freedom parameter. These extra parameters allow us to capture the features of the data more adequately. Azzalini and Dalla Valle (1996) , Azzalini and Capitanio (1999) , Branco and Dey (2001) , and Azzalini and Capitanio (2003) study multivariate analogs of these distributions.
What makes these distributions appealing for use in practice is that they are simple extensions of their more commonly used counterparts, the normal and Student's t distributions, and that they share some properties. For example, the distribution of the quadratic forms of skew-normal and skew-t random vectors does not depend on the shape parameter (and is chi-squared for the skew-normal model, as it is for the normal model). This property is useful for evaluating model fit. These distributions are closed under linear transformations, and multivariate versions are closed under marginalization (but not conditioning). Similarly to the normal and Student's t distributions, the skewnormal and skew-t distributions can also be adapted to handle positive data by considering their log versions (Azzalini, dal Cappello, and Kotz 2002; Marchenko and Genton 2010) .
A more detailed description of these and other skewed distributions can be found in the book edited by Genton (2004) and in the review by Azzalini (2005) .
The structure of our article is the following: We start with a motivating example in section 2. In section 3, we proceed to describe the skewed distributions and, more generally, skewed regressions in more detail. We present commands for fitting the skewed models in section 4. In section 5, we provide more examples of using skew-normal and skew-t models in the analysis of the Australian Institute of Sport data, commonly used in the literature about skewed distributions.
Motivating example
We consider the Australian Institute of Sport dataset (Cook and Weisberg 1994) , which is repeatedly used in the literature about skewed distributions. The ais.dta dataset contains 202 observations (100 females and 102 males) that record 13 biological charac-teristics of Australian athletes. In our examples, we use only a subset of these characteristics.
. Suppose we are interested in modeling plasma ferritin concentration recorded in the fe variable. From figure 1, we can see that the distribution of plasma ferritin concentration is skewed to the right compared with the normal distribution.
. histogram fe, normal (bin=14, start=8, width=16.142857) As mentioned in the introduction, for a univariate outcome we can choose from several options. We can use a transformation-based approach and model the fe variable in the log metric, for example. If we prefer to work with the original scale, we can use one of the univariate distributions that accommodate asymmetry. Here we demonstrate the use of the skew-normal and skew-t distributions for modeling fe.
We first fit the skew-normal distribution to plasma ferritin concentration fe using the new skewnreg command. For later comparison with the skew-t fit, we specify the dpmetric option to report results in the direct parameterization, which will be explained in section 3.3:
. skewnreg fe, dpmetric initial:
log As mentioned in the introduction, compared with the symmetric normal distribution, the skew-normal distribution has an additional shape parameter. Labeled as alpha in the output, it regulates the asymmetry of the distribution. For positive values of the shape parameter, the distribution is skewed to the right; for negative values, the distribution is skewed to the left; and the distribution is symmetric (normal) when the shape parameter is zero. From the output, we can see that alpha is estimated to be 9.14 with a 95% confidence interval of [4.12, 14.17] , which is evidence that the distribution of fe exhibits skewness to the right.
We can visually check how well the skew-normal distribution fits the data by using the new postestimation command, skewrplot:
. skewrplot, fitted (bin=14, start=8, width=16.142857) We specified the fitted option to plot the skew-normal density estimate [evaluated at the above maximum likelihood estimates (MLEs) of the model parameters] of the fitted values against the histogram of fe. From figure 2, we can see that the skew-normal density estimate closely follows the nonparametric density estimate and that it demonstrates better fit of the skew-normal distribution to fe than the normal distribution in figure 1. We can also fit the skew-t distribution to fe by using the skewtreg command:
. In addition to the shape parameter, the skew-t distribution introduces a degrees-offreedom parameter. Labeled as df in the output, this parameter regulates the heaviness of the tails of the distribution. The smaller the degrees of freedom, the "heavier" the tails of the distribution. (For instance, one degree of freedom yields a skew-Cauchy distribution of Arnold and Beaver [2000] .) As the degrees of freedom becomes large, the skew-t distribution reduces to the skew-normal distribution or the normal distribution, when in addition the shape parameter is zero. From the output, we can see that the degrees of freedom is estimated to be 7.44 with a 95% confidence interval of [2.33, 23.74] , which provides evidence for heavier-than-normal tails of the distribution of fe. The estimate of the shape parameter alpha is 7.24 with a 95% confidence interval [2.79, 11.70] , which again confirms the existence of positive skewness in the distribution of fe.
As we did before, we can plot the density estimate of fitted values from the skew-t distribution estimated above against the nonparametric density estimate. The plot is shown in figure 3: . skewrplot, fitted (bin=14, start=8, width=16.142857) From the graph, we can see that the skew-t distribution seems to fit the fe values better than the skew-normal distribution. We could also use probability-probability (P-P) or quantile-quantile (Q-Q) plots, as we demonstrate later, to more easily compare model fits.
Let us now describe the skew-normal and skew-t models in more detail.
3 The skew-normal and skew-t models 3.1 Definition and some properties
The density of the univariate skew-normal distribution, SN(ξ, ω 2 , α), is
where z = ω −1 (x − ξ), ξ ∈ R is a location parameter, ω > 0 is a scale parameter, φ(·) is the density of a univariate standard normal distribution, and Φ(·) is the cumulative distribution function of the standard normal distribution. The additional multiplier 2Φ(αz) is a skewness factor, and it is controlled by a shape parameter α ∈ R. When α > 0, the distribution is skewed to the right; when α < 0, the distribution is skewed to the left; and when α = 0, the skew-normal distribution (1) reduces to the normal distribution.
The univariate skew-t distribution, ST(ξ, ω 2 , α, ν), is defined in a similar manner by introducing a multiplier to the Student's t density, which is a heavier-tailed distribution than the normal distribution:
where t(z; ν) is the density of a univariate standard Student's t distribution with degrees of freedom ν, and T (·; ν + 1) is the cumulative distribution function of a univariate standard Student's t distribution with ν + 1 degrees of freedom. Here again, ξ ∈ R regulates the location of the distribution, ω > 0 regulates the scale of the distribution, the shape parameter α ∈ R regulates asymmetry of the distribution, and the degrees-of-freedom parameter ν > 0 regulates the tails of the distribution. When α = 0, the density (2) reduces to the Student's t density; and when α = 0 and the degrees of freedom becomes very large (ν tends to ∞), the skew-t density reduces to the normal density. By introducing an extra parameter for regulating the tails, the skew-t distribution accommodates outlying observations and, thus, can be viewed as a more robust model than the skew-normal model; see Azzalini and Genton (2008) for details.
As mentioned in the introduction, one of the useful properties of the skew-normal and skew-t distributions is that their quadratic forms do not depend on the shape parameter. In the univariate case, if
These properties provide a way of evaluating model fit using Q-Q or P-P plots.
Multivariate analogs of the skew-normal and skew-t distributions are constructed in a similar manner for the corresponding multivariate normal and multivariate Student's t distributions. The density of the multivariate skew-normal distribution,
where Θ = (ξ, Ω, α),
is the density of a d-variate normal distribution with location ξ and covariance matrix Ω, and Ω diag is the d × d diagonal matrix containing the diagonal elements of Ω. Similarly to the univariate case, when all d components of α are zero, the multivariate skew-normal density (3) reduces to the multivariate normal density φ d (·).
The density of the multivariate skew-t distribution,
} is the density of a d-variate Student's t distribution with ν degrees of freedom, and T (·; ν + d) is the cumulative distribution function of a univariate Student's t distribution with ν + d degrees of freedom. When all d components of α are zero, the multivariate skew-t density (4) reduces to the multivariate Student's t density t d (·) and to the multivariate normal density φ d (·) when in addition ν tends to ∞.
Similarly to the univariate case, if
Regression models
Consider a sample Y = (y 1 , y 2 , . . . , y n ) ′ of n observations. In linear regression,
where x 1i , . . . , x pi define covariate values, β 0 , . . . , β p are the unknown regression coefficients, and ǫ i is an error term. In normal linear regression, the errors are assumed to be normally distributed, ǫ i iid ∼ Normal(0, σ 2 ). The skew-normal regression is a linear regression (5) with errors from the skew-normal distribution,
However, because the mean µ of a skewed random variate is not the same as the location parameter ξ, E(ǫ i ) = 0 (unless α = 0) unlike the normal linear regression. The mean E(ǫ i ) = 2/πωδ for the skew-normal regression and E(ǫ i ) = ωδ ν/πΓ{(ν −1)/2}/Γ(ν/2) when ν > 1 for the skew-t regression, where
Under the multivariate regression setting, Y becomes an n × d data matrix, β becomes a p × d matrix of unknown coefficients, and the errors follow the multivariate skew-normal distribution, SN d (0, Ω, α), or the multivariate skew-t distribution,
The method of maximum likelihood is used to obtain estimates of regression coefficients β and other model parameters, Ω, α, and ν. Two issues arise with likelihood inference for the skew-normal and skew-t models: 1) the existence of a stationary point at α = 0 of the profile log-likelihood function for the skew-normal model; and 2) unbound MLEs. We discuss each issue in more detail below.
The existence of a stationary point at α = 0 for the skew-normal model leads to the singularity of the Fisher information matrix of the profile log likelihood for the shape parameter α (Azzalini 1985; Azzalini and Genton 2008) . This violates standard assumptions underlying the asymptotic properties of the maximum likelihood estimators and, consequently, leads to slower convergence and possibly a bimodal limiting distribution of the estimates (Arellano- Valle and Azzalini 2008) . All model parameters ξ, Ω, and α are identifiable, so the issue is really due to the chosen parameterization. To alleviate this issue, Azzalini (1985) suggested an alternative centered parameterization for the univariate skew-normal model under which the sampling distributions of the new parameters are closer to the normal distribution. Arellano- Valle and Azzalini (2008) extended this parameterization to the multivariate case. We will discuss the centered parameterization in more detail in section 3.3. This unfortunate property seems to vanish in the case of the skew-t distribution, unless the degrees of freedom are large enough that the skew-t distribution essentially becomes the skew-normal distribution; see Azzalini and Capitanio (2003) and Azzalini and Genton (2008) for details. More generally, the issue of the singularity of multivariate skew-symmetric models was investigated by Ley and Paindaveine (2010) and Hallin and Ley (forthcoming) .
Both the skew-normal and skew-t models suffer from the problem of unboundedness of the MLEs for the shape and degrees-of-freedom parameters; that is, the maximum likelihood estimator can be infinite with positive probability for the finite true value of the parameter. For example, in the cases of the univariate standard skew-normal distribution and the univariate standard skew-t distribution with fixed degrees of freedom, when all observations are positive (or negative)-which can happen with positive probability-the likelihood function is monotone increasing, and thus, an infinite estimate of the shape parameter is encountered. In other more general cases, such as unknown degrees of freedom and the multivariate case, the conditions under which the log likelihood is unbound are more complicated and thus more difficult to describe. Sartori (2006) and Azzalini and Genton (2008) presented ways of dealing with the unbound estimates. Sartori (2006) proposed a bias correction to the MLEs. Azzalini and Genton (2008) suggested a deviance-based approach according to which the unbound MLEs of (α, ν) are replaced by the smallest values (α 0 , ν 0 ) such that the likelihood-ratio test of H 0 : (α, ν) = (α 0 , ν 0 ) is not rejected at a fixed level, say, 0.1. Within a Bayesian framework, Liseo and Loperfido (2006) showed that the estimate of the posterior mode of the shape parameter is finite for the skew-normal model under the Jeffreys prior; and Bayes and Branco (2007) considered an alternative noninformative uniform prior for the shape parameter.
The centered parameterization is available for skewnreg and mskewnreg to alleviate the singularity issue. The issue of unbound parameter estimates is not yet addressed in the presented commands. This issue is likely to arise when the distribution of the data (or residuals within the regression framework) is close to a half-normal distribution. If this issue occurs, one solution is to determine the iteration number after which the changes in the likelihood become very small and then to refit the model using the prespecified number of iterations in the iterate(#) option.
Centered parameterization
Here we briefly describe the centered parameterization for the univariate skew-normal distribution as proposed by Azzalini (1985) , and we outline the points made in Arellano- Valle and Azzalini (2008) , where more details and the extension to the multivariate case can be found.
Let Y be distributed as SN(ξ, ω 2 , α). Consider the following decomposition of Y :
3 /2 denote the skewness index of Y . (The skewness index γ is not the classical sample moment-based measure of skewness but is specific to this family of distributions.) Then, mean, standard deviation, and skewness index, (µ, σ, γ), form the centered parameterization. They are referred to as the centered parameters (CP) because they are obtained by centering Y . The set of parameters (ξ, ω, α) are referred to as the direct parameters (DP). It is worth noting that unlike the range of α, the range of γ is restricted to approximately (−0.9953, 0.9953). More generally in the multivariate setting, unlike the DPs (ξ, Ω, α), the CPs (µ, Σ, γ) cannot be chosen freely and are subject to certain constraints; see Arellano- Valle and Azzalini (2008) for details. Of course, both sets of parameters require the scale matrices to be positive definite.
In the regression setting, the CP metric affects only the estimate of the intercept and not the coefficients. Specifically, β CP 0
= ǫ i − 2/πωδ and so the residuals in the CP metric have a mean of zero, E(ǫ CP i ) = 0, i = 1, . . . , n. In what follows, when referring to residuals we will always assume the residuals are in the DP metric.
The use of CP is advantageous from both inferential and interpretation standpoints. The sampling distributions of the MLEs of CP are closer to quadratic forms, and the profile log likelihood for γ does not have a stationary point at γ = 0. Although the shape parameter α can be used as a guide to whether the normal model is sufficient for analysis, it is easier to infer the actual magnitude of the departure from normality based on the skewness index γ. Also, in the multivariate case, components of a skewness vector γ represent the skewness indexes of the marginal distributions whereas individual components of α, in general, cannot be used to infer the direction or the magnitude of the asymmetry in marginal distributions. Marginal skewness indexes are complicated functions of individual components of α. However, zero components of α do imply zero marginal skewness indexes or, in other words, symmetric marginal distributions. DP is useful for direct interpretation in the original model.
From the above formulas, we can see that a one-to-one correspondence exists between CP and DP, provided CP is within its admissible range. So after obtaining estimates in the CP metric, one can use the formulas above and the delta method to obtain respective estimates and their standard errors in the DP metric, and vice versa.
The centered parameterization is implemented in skewnreg and mskewnreg. At the time of publication of this article, the centered parameterization for the skew-t distribution is yet to appear in the literature (Arellano-Valle and Azzalini 2009) and thus is not implemented in skewtreg and mskewtreg. 
Description
The skewnreg and skewtreg commands fit skew-normal and skew-t regression models to univariate data. The mskewnreg and mskewtreg commands fit skew-normal and skew-t regression models to multivariate data. skewnreg and mskewnreg support both the CP metric (the default) and the DP metric (with the dpmetric option), whereas skewtreg and mskewtreg support only the DP metric. Regardless of the display metric, optimization is performed in the estimation metric specific to each command; see each command's help file for details. In the skew-t regression, the degrees-of-freedom parameter can optionally be set to a fixed value with the df() option.
The postestimation features include predictions and residual diagnostics plots. The predict command can be used after any of the four estimation commands to obtain linear predictions and their standard errors, residual estimates, and the score estimates. The equation() option can be used with multivariate regressions to obtain equationspecific predictions. The first equation is assumed by default.
The skewrplot command can be used after any of the four estimation commands to obtain a number of residual diagnostic plots. The default after univariate regressions is a residual density plot, where the skew-normal (or skew-t) density estimate of residuals, evaluated at MLEs from the previously fit model, is plotted together with a nonparametric residual density estimate-a histogram. Alternatively, if kdensity is used, a residual density plot is displayed together with a nonparametric kernel-density estimate of residuals instead of the histogram. In the absence of predictors, the fitted option can be used to plot density estimates of the fitted values instead of residuals. In addition, a normal density estimate can be added to the graph as a reference by specifying the normal option. The residual-versus-fitted plot can be obtained with the rvf option. The P-P and Q-Q plots are available after univariate or multivariate regressions. The Q-Q plot of residuals is the default after multivariate regressions. It can also be requested with theoption. The P-P plot of residuals can be obtained with the pp option. If normal is used in combination with pp (or qq), a P-P (or Q-Q) plot of residuals from a normal regression fit is produced as a separate plot.
Options
Common estimation options constraints(constraints) specifies the linear constraints to be applied during estimation. The default is to perform unconstrained estimation. level(#) specifies the confidence level, as a percentage, for confidence intervals. The default is level(95) or as set by set level. This option may be specified either at estimation or upon replay.
estmetric displays results in the estimation metric. The estimation metric used is specific to each estimation command. This option may be specified either at estimation or upon replay.
nocnsreport specifies that no constraints be reported. The default is to display userspecified constraints above the coefficient table.
coeflegend specifies that the legend of the coefficients and how to specify them in an expression be displayed rather than the coefficient table. This option may be specified either at estimation or upon replay.
postdp stores DP estimates and their variance-covariance estimator (VCE) in e(b) and e(V), respectively.
display options: noomitted, vsquish, noemptycells, baselevels, allbaselevels; see [R] estimation options. These options may be specified either at estimation or upon replay.
maximize options: difficult, technique(algorithm spec), iterate(#), no log, trace, gradient, showstep, hessian, showtolerance, tolerance(#), ltolerance(#), nrtolerance(#), nonrtolerance; see [R] maximize. Also, init(ml init args) can be specified; see [R] ml.
Other options for skewnreg dpmetric specifies that the results be displayed in the DP metric instead of the default CP metric. This option may be specified either at estimation or upon replay.
Other options for mskewnreg dpmetric specifies that the results be displayed in the DP metric instead of the default CP metric. This option may be specified either at estimation or upon replay.
noshowomega specifies that the display of the covariance (or scale) matrix be suppressed.
postcp stores CP estimates and their VCE in e(b) and e(V), respectively, instead of the estimation parameters.
Other options for skewtreg df(#) specifies that the degrees-of-freedom parameter be fixed at # during estimation. This is equivalent to constrained estimation using the constraints() option when the degrees-of-freedom parameter is set to #.
Other options for mskewtreg df(#) specifies that the degrees-of-freedom parameter be fixed at # during estimation. This is equivalent to constrained estimation using the constraints() option when the degrees-of-freedom parameter is set to #.
Options for predict
xb, the default, calculates the linear prediction.
residuals calculates the residuals.
score calculates the first derivative of the log likelihood with respect to x j β.
stdp calculates the standard error of the linear prediction. 
Options for skewrplot
histogram, the default after skewnreg and skewtreg, requests that the histogram of residuals be plotted together with a residual density estimate from a skewnreg or skewtreg fit. This option is not allowed with skewrplot after mskewnreg or mskewtreg.
kdensity requests that the kernel-density estimate of residuals be plotted together with a residual density estimate from a skewnreg or skewtreg fit instead of the histogram. This option is not allowed with skewrplot after mskewnreg or mskewtreg.
rvf requests that the residual-versus-fitted plot be produced. This option is not allowed with skewrplot after mskewnreg or mskewtreg.
pp requests that probability-probability plots of the observed residuals versus the residuals obtained from the fitted parametric model be produced.
qq, the default after mskewnreg and mskewtreg, requests that quantile-quantile plots of the observed residuals versus the residuals obtained from the fitted parametric model be produced.
fitted requests that the density of fitted values be plotted instead of the density of residuals from a skewnreg or skewtreg fit. This option is allowed only in combination with histogram or kdensity.
normal requests that a corresponding normal plot be produced for comparison. If histogram is used, normal specifies that the histogram be overlaid with an appropriately scaled normal density. The normal will have the same mean and standard deviation as the data. If kdensity is used, normal requests that a normal density be overlaid on the density estimate of residuals from a skewed regression fit. If pp oris used, normal requests that an additional, separate chi-squared probability plot or chi-squared quantile plot of squared standardized residuals from a normal regression fit be produced. This option can be used in combination with overlay to overlay P-P plots on one graph. This option is not allowed in combination with rvf.
normopts(norm options) specifies details about the look of normal plots produced when normal is specified. If histogram or kdensity is used, norm options affect rendition of the normal curve, such as the color and style of line used, and can be any of the options documented in [G] graph twoway line. If pp (or qq) is used, norm options affect the look of the chi-squared probability (or quantile) plot and can be any of the options documented for quantile in [R] diagnostic plots.
overlay specifies that the normal plot be overlaid with the main plot in one graph. This option requires normal and is not allowed in combination with qq. This option is implied with histogram and kdensity.
lineopts(line options) affect rendition of the curve from the skew fit. Aspects such as the color and style of line used are affected and can be specified using any of the options documented in [G] graph twoway line. 5 Numerical examples
Univariate analysis of Australian Institute of Sport data
Our motivating example demonstrated the use of skewnreg and skewtreg for modeling the distribution of plasma ferritin concentration from the Australian Institute of Sport data. We can also use these commands within the regression framework to accommodate departures from normality of the conditional distribution of the outcome of interest controlling for other covariates.
For the purpose of illustration, consider the conditional distribution of lean body mass, lbm, given the weight and height of an athlete. Linearity of lean body mass with respect to weight and height was established by previous analysis of these data (for example, Cook and Weisberg [1994] ), so we consider a simple linear regression for modeling the conditional distribution of lbm. To obtain more meaningful estimates of main effects, we use recentered versions of covariates, weight c and height c, in our regression analysis. Also, to adjust for likely differences in the relationship due to gender, we interact weight c and height c with female. (Alternatively, we could have fit separate regressions for males and females to also allow the variability in the measurements to differ across gender.)
. use ais, clear (Biological measures from athletes at the Australian Institute of Sport) . summarize weight, meanonly . generate weight_c = weight -r(mean) . summarize height, meanonly . generate height_c = height -r(mean)
We first fit a normal linear regression and examine the distribution of the residuals from its fit. It is worth noting that weight and height measurements are highly correlated.
(Continued on next page)
. We store estimation results from regress for later comparison with skewed models:
. estimates store reg
To capture asymmetry in the data, we now fit the skew-normal regression:
. By default, skewnreg estimates and displays model parameters other than the standard deviation sigma in the CP metric, as discussed in section 3.3. The standard deviation is estimated in the log metric. From the output, we can see that both weight and height are strong predictors of lean body mass measurements, and their relationship differs between males and females. The estimated skewness index, labeled as gamma in the output, is −0.62, which suggests that the conditional distribution of lbm adjusted for weight and height is skewed to the left. According to the reported test of H 0 : γ = 0 with the test statistic of −5.19, we have strong evidence of asymmetry in the distribution of lbm, and thus the skew-normal regression may be more appropriate for the analysis than the normal regression. The likelihood-ratio test for the skew-normal regression versus the normal linear regression, which is reported at the bottom of the table, also favors the skew-normal model.
We can redisplay results in the DP metric by using the dpmetric option:
. Notice that all regression coefficients remain the same: the transformation from the CP to the DP metric changes only the intercept. The estimate of the shape parameter alpha is −2.72 with a 95% confidence interval of [−3.98, −1.46]. The confidence interval does not include 0, corresponding to the normal regression, which agrees with our earlier findings. Also note that the scale parameter omega is now reported instead of the standard deviation sigma.
Similarly to figure 4, we can use the skewrplot command to plot the residual density estimate obtained nonparametrically against that from the skew-normal distribution evaluated at the MLEs of the model parameters, as shown in figure 6: Alternatively, we can obtain a Q-Q or P-P plot by using the respective options. For example,
. skewrplot,According to the Q-Q plot, the skew-normal model fits the data reasonably well, with the exception of several outlying observations in the right tail. See Dalla Valle (2007) for a formal test of the skew-normality in a population.
Next we store estimation results from the skew-normal regression for later comparison with other models. We store results in the DP metric by using the postdp option on replay:
. skewnreg, postdp . estimates store skewn_dp
To accommodate heavier tails in addition to skewness, we fit the skew-t model:
. As mentioned in section 3.3, the centered parameterization for the skew-t model is still under development and has not yet appeared in the literature. Thus the skewtreg command reports results only in the DP metric. Compared with the output of DPs from skewnreg, the skewtreg command reports an additional estimate of the degrees of freedom. The estimate of the degrees of freedom is 3.66 with a 95% confidence interval of [2.00, 6.70], which implies heavier-than-normal tails for the conditional distribution of lbm. The estimate of the shape parameter alpha is −1.76 with a 95% confidence interval of [−3.03, −0.49] . Again the reported likelihood-ratio test rejects the hypothesis of normality. The reported test of H 0 : α = 0, ν = ∞ requires a boundary correction because the degrees-of-freedom parameter is tested at its boundary value. As such, the distribution of the likelihood-ratio test statistic is a 50:50 percent mixture of chi-squared distributions with 1 and 2 degrees of freedom, labeled as chibar2(1 2) in the output; see, for example, Gutierrez, Carter, and Drukker (2001) and DiCiccio and Monti (2009) for more details.
We can also perform the likelihood-ratio test of the skew-t model versus the skewnormal model (H 0 : ν = ∞) by using the lrtest command. Because skewnreg and skewtreg are two different estimation commands, we need to specify the force option to obtain results. Although using this option is generally not recommended, it is safe in our case because we know that the skew-normal model is nested within the skew-t model.
. lrtest skewn ., force Likelihood-ratio test LR chi2(1) = 14.84 (Assumption: skewn nested in .)
Prob > chi2 = 0.0001
The likelihood-ratio test favors the skew-t model over the skew-normal model. The results from this test should be interpreted with caution because it does not automatically account for the fact that the degrees of freedom ν are tested at the boundary value ν = ∞. The distribution of the likelihood-ratio test statistic in this case is a 50:50 percent mixture of a degenerate distribution at 0 and a chi-squared distribution with 1 degree of freedom. As such, the corrected p-value is half the uncorrected p-value and is 0.000058 in this example:
. display r(p)/2 .00005841
We can also compare the two fits visually using, for example, a Q-Q plot. We use skewrplot,to obtain the Q-Q plot of residuals after skewtreg: Alternatively, we can use information criteria to compare the two models:
. estimates stats skewn . Both Akaike's information criterion and Schwarz's Bayesian information criterion are smaller for the skew-t model, which suggests that it is preferable to the skew-normal model.
Model
We can also compare results from all three regressions, including the normal regression, side-by-side by using estimates table.
Because there is no CP parameterization for the skew-t regression, we can compare results only in the DP metric. Although skewtreg displays results in the DP metric, the results are saved in the estimation metric. To save results in the DP metric, we use the postdp option:
. skewtreg, postdp . estimates store skewt_dp
We now combine all three estimation results in one table by using estimates table.
. estimates table reg skewn_dp skewt_dp, equation (1) According to the three regression models, both weight and height are strong predictors of lean body mass measurements. Despite the differences in coefficient estimates, all models lead to similar inferential conclusions. The estimates of the shape parameter alpha suggest the presence of negative skewness in the conditional distribution of lbm given weight and height. Because tests against zero are not appropriate for the scale and degrees-of-freedom parameters, the significance levels, reported automatically by estimates table for these parameters, should be ignored.
Multivariate analysis of Australian Institute of Sport data
Suppose we are interested in the distribution of lbm and bmi, the body mass index. In figure 9 , the scatterplot of the lbm and bmi values suggests that the two variables are related and thus should be analyzed jointly. The scatterplot also suggests that the joint distribution of lbm and bmi is somewhat asymmetric, and so we fit the bivariate skew-normal distribution to lbm and bmi using mskewnreg:
. By default, mskewnreg reports results in the CP metric. The estimate of the skewness parameter for lbm is close to zero, and according to the z-test (p = 0.521), the hypothesis of H 0 : γ 1 = 0 cannot be rejected. For bmi, however, there is strong evidence that the skewness parameter is different from zero. The joint test of H 0 : γ 1 = 0, γ 2 = 0 (see below) and the reported likelihood-ratio test strongly reject the hypothesis of bivariate normality for lbm and bmi. To test CPs with mskewnreg, we first need to post CP estimates and their VCE to e(b) and e(V) using the postcp option. By default, mskewnreg saves parameters and their VCE in the estimation metric, which is described in Azzalini and Capitanio (2003) for the multivariate skew-t distribution.
We can also obtain the results in the DP metric by using the dpmetric option:
. Notice that the estimate of α 1 corresponding to the shape parameter of lbm in the DP metric is very far from zero compared with the skewness index reported earlier. As mentioned in section 3.3, the individual shape parameters are poor estimates of the magnitude of the asymmetry. Although their zero values provide evidence that the multivariate normal model may be adequate, the opposite is not necessarily true, as we witnessed in this example.
Fitting skewed regressions
We can compare the fit against the normal model by using, for example, a Q-Q plot:
. skewrplot,normal The estimated degrees of freedom are large, which suggests that the skew-normal model is sufficient for modeling lbm and bmi.
We can also adjust the location for gender by including female as a regressor:
. We could also fit separate regressions for males and females to allow all parameters of the joint distribution to vary across gender.
5.3 Log-skew-normal and log-skew-t distributions for modeling positive data
The lognormal and log-t distributions are often used to model data such as precipitation data or income data that have a positive support. These distributions imply that the distribution of the data in the log metric is symmetric. This assumption may be too restrictive in some applications. For example, here we investigate how reasonable this assumption is in the analysis of the monthly U.S. national precipitation data, following Marchenko and Genton (2010) . The data are publicly available from the National Climatic Data Center, the largest archive of weather data, and include To fit the log-skew-normal model to the precipitation data, we follow the standard procedure and fit the skew-normal model, described previously, to the log of the precipitation. For example, we generate the new variable lnprecip to contain the log of the precipitation and fit the skew-normal distribution to the January (month==1) log-precipitation measurements over 113 years:
. use precip07_national (Precipitation (inches), national U.S. data)
. generate lnprecip = ln (precip The skewness index is not significantly different from zero at a 5% level, so the assumption of normality seems reasonable for January log precipitation.
More generally, we can obtain skewness indexes for all months. Below we use the statsby command to collect the estimates of skewness indexes and their respective standard errors from skewnreg over months and plot them along with their associated 95% confidence intervals (also see Cox [2010] (0) From figure 11, we can see that the assumption of the symmetry of the distribution of the log-precipitation is questionable for some months (for example, September, and October). We can see that the distribution of the log precipitation is negatively skewed for summer and fall months and becomes more symmetric in early spring. Similarly, we can investigate the trend in the tails of the distribution over months by plotting the estimated degrees of freedom from skewtreg.
Conclusion
In this article, we described two flexible parametric models, the skew-normal and skew-t models, which can be used for the analysis of nonnormal data. We presented a suite
